In this article, we give a classification of closed, smooth, spin, 1connected 7-manifolds which have the same cohomology ring as CP 2 ×S 3 . We also prove that if a closed, smooth, spin, 1-connected 7-manifold has cohomology ring isomorphic to that of CP 2 ×S 3 or S 2 ×S 5 , then it admits Riemannian metrics with positive Ricci curvature.
Introduction
It's an interesting and important task to give a classification of certain kind of manifolds. In this article, we mainly concerns the following:
Question. Give a classification of closed, smooth, spin, 1-connected 7-manifolds which have the same cohomology ring as CP 2 × S 3 .
Examples of such manifolds are easy to find. Let M ′ k,0 be the total space of the nonspin S 3 -bundles over CP 2 with e = 0 and p 1 = 4k + 1, then it satisfies our condition. It has been proved in [7] that these bundles admit Riemannian metrics with nonnegative sectional curvatures, hence are important to geometers. Relevant work concerning 7-manifolds of this homology type is [11] , where the manifolds are required to have cohomology ring isomorphic to that of S 2 × S 5 #S 3 × S 4 .
Our main classification result is the following: Theorem 1.1. Let M be a closed, smooth, spin, 1-connected 7-manifold which has the same cohomology ring as CP 2 × S 3 . Then 1. there exists some k such that M is (PL-)homeomorphic to M ′ k,0 . Moreover, the homotopy type is uniquely determined by p 1 (M ) mod 24 and the (PL-)homeomorphism type is uniquely determined by p 1 (M ).
2. There exists some homotopy 7-sphere Σ 7 ∈ Θ 7 such that M is diffeomorphic to M ′ k,0 #Σ 7 . As part of an application of our result and the surgery theorem of Wraith [24] , we have Theorem 1.2. Let M be a closed, smooth, simply connected, 7-dimensional spin manifold, with its cohomology ring H * (M ) ∼ = H * (CP 2 × S 3 ) or H * (S 2 × S 5 ). Then M admits a Riemannian metric with positive Ricci curvature.
The article is organized as follows. Section 2 gives some notations and tools which will be used later. In section 3, we discuss a concrete example, i.e. the S 3 -bundles over CP 2 , which will play an important role in the classification result. Section 4 discusses the homotopy classification. In the nonspin case, a classification of Poincaré duality spaces is also obtained. Section 5 concerns the (PL-)homeomorphism and diffeomorphism classification. Finally, in section 6, we discuss the topic of Ricci positive manifolds.
Preliminaries
We put some definitions and maybe well-known facts here for readers who may not familiar with them.
Actions of homotopy sets
In this subsection, all spaces and maps are based. References of this subsection are [1, 20] . Furthermore, when Z is an H-space, [C f , Z] become a group, and we have
Moreover, f : X → Y induces the following exact sequence:
Homotopy groups of spheres
We list some homotopy groups of spheres here which may be used later (cf. [21] ).
Theorem 2.3. (1) π n (S n ) ∼ = Z{ι n }, with ι n represented by the identity map of S n ;
(
where η 2 is represented by the Hopf map S 3 → S 2 and η n = Σ n−2 η 2 ;
where ν 4 is represented by the Hopf map S 7 → S 4 , ν n = Σ n−4 ν 4 , η 3 η 4 η 5 = 6a 3 , and Σ 2 a 3 = 2ν 5 .
Surgery theory
Recall the simply connected version of the famous surgery exact sequence due to Browder, Novikov, Sullivan and Wall:
We'll explain it briefly. Further details can be found in [18, 22] .
• The category Cat can be either the topological (TOP), smooth (O), or piecewise linear (PL) category. M is a simply connected, closed, ndimensional Cat-manifold.
• A Cat-manifold structure (N, f ) on M is an n-dimensional Cat-manifold N together with a homotopy equivalence f : N → M . The Cat-structure set S Cat (M ) of M is the set of equivalence classes of Cat-manifold structures (N, f ), subject to the equivalence relation: • A homotopy equivalence f : N → M of n-dimensional Cat-manifolds can determine a fiber homotopy trivialization t(f ) of J(ν M − (f −1 ) * (ν N )) in a standard way, where ν M denotes the Cat-normal bundle of M , and f −1 is the homotopy inverse of f . Then
And there are some facts which will be used later [19] :
• For Cat = PL, η is injective.
• For a Cat-manifold W which has boundary, S Cat (W ) can be similarly defined as
If π 1 (W ) = π 1 (∂W ) = 1, then
where η can be similarly interpreted as above. And we have the following commutative diagram:
if n is odd.
Smoothing theory
We'll be interested in the smoothing theory which concerned with the problem of finding and classifying smoothings of PL-manifolds. Reference of this subsection is [9] . (2) The following sequence is exact: First recall some well-known facts. Vect 4 R (S 4 ) ∼ = π 4 (BSO(4)) ∼ = Z{α} ⊕ Z{β} with
where ω S 4 is the orientation cohomology class of S 4 . Thus a 4-dimensional vector bundle over S 4 is determined by its first Pontryagin class and Euler class. Vect 4 R (S 2 ) ∼ = π 2 (BSO(4)) ∼ = Z 2 . These two bundles are determined by their second Stiefel-Whitney classes and have natural extensions over CP 2 , i.e. ǫ 4 and γ ⊕ǫ 2 , where γ is the tautological line bundle over CP 2 . Thus we see that a 4-dimensional vector bundle over CP 2 is determined by its first Pontryagin class, Euler class and second Stiefel-Whitney class, and can be constructed as follows:
Spin case: Nonspin case:
and v are the obvious collapsing maps. Clearly,
where ω CP 2 is the orientation cohomology class of CP 2 . Now let M k,l = S(q * (ξ k,l )), M ′ k,l = S(v * (ξ ′ k,l )). Then M k,l and M ′ k,l are 1-connected 7-manifolds, and with cohomology rings:
For the classification of M k,l and M ′ k,l when l = 0, see [6] . Note that for the homotopy classification, only a partial result has been obtained, as the homotopy classification of 7-manifolds of type (2) is incomplete, see [13, 14] .
However, things are much easier for the case l = 0.
Proof.
1. Easy calculation shows that p 1 (M k,0 ) = (4k + 3)x 2 , p 1 (M ′ k,0 ) = (4k + 4)x 2 , and Novikov proved that rational Pontryagin classes are homeomorphism invariants.
2. The only if part follows from a theorem of Hirzebruch [10] , which says that the first Pontryagin class modulo torsion is a homotopy invariant mod 24.
The if part is due to the following stronger proposition (Proposition 3.2).
Proof. As the structure group of ξ k,0 and ξ ′ k,0 can be reduced to SO(3), we only need to show that the image of ξ k,0 (ξ ′ k,0 ) and
be done by using the following exact ladder of Puppe sequences:
Here's some explanation of the diagram above:
• The first row is exact, as π 3 (BSO(3)) = 0.
• It is well known that j * : π i (BSO(3)) → π i (BF (4)) is an isomorphism for i = 2 and surjective for i = 4, where π 2 (BF (4)) ∼ = Z 2 and π 4 (BF (4)) ∼ = π 6 (S 3 ) ∼ = Z 12 .
• We map further to the third row, using the map e : BF (4) → BF induced by F (4) ⊂ F . It's an exact sequence of abelian groups (BF is an infinite loop space [3] ), which is more easier to deal with. e * : π i (BF (4)) → π i (BF ) coincide with the suspension map Σ : π i+2 (S 3 ) → π s i−1 , therefore it's an isomorphism for i = 2, 3 and injective for i = 4.
• The injectivity of e * : [CP 2 , BF (4)] → [CP 2 , BF ] takes more effort. Let
such that e * [g 1 ] = e * [g 2 ], i.e. e * g 1 ≃ e * g 2 : CP 2 → BF . The obstructions of lifting the homotopy to BF (4) lie in H i (CP 2 ; π i (F/F (4))), where F/F (4) is the homotopy fiber of e : BF (4) → BF . It's easy to see that π i (F/F (4)) = 0 for i = 2, 4. Since H i (CP 2 ; G) = 0, i = 1, 3 for any coefficient G, there's no obstruction and we have g 1 ≃ g 2 . The injectivity follows.
• It is clear that η * 2 = 0 in the second and third row. The map η * 3 : π 3 (BF (4)) → π 4 (BF (4)) coincide with η * 5 :
Similar for the third row.
• The construction of ξ k,0 and ξ ′ k,0 implies that ξ k,0 = kq * α and ξ ′ k,0 = ξ ′ 0,0 kα (notation as in subsection 2.1), and we have ξ ′ 0,0 = γ ⊕ ǫ 2 .
Now we can do the calculation.
where the last equation holds as 6mj * α ∈ im η * 3 = ker q * , and we have kq * j * α = j * (kq * α) = j * (ξ k,0 ).
For ξ ′ k,0 , e * will be needed. We have
Then j * (ξ ′ k+6m,0 ) = j * (ξ ′ k,0 ) follows by the injectivity of e * .
Classification up to homotopy equivalence
Let M be a closed, smooth, 1-connected 7-manifold which have the same cohomology ring as
. Then M has a minimal cell structure:
Let M (n) be the n-skeleton, and we analyze the attaching maps:
} (here and below, we omit those obvious inclusions). And obviously φ 4 = η 2 for the cohomology reason. (Note that attaching e 4 using η 2 or −η 2 will lead to homotopy equivalent complexes. Similar questions may occur below, and we will omit their explanations.) Therefore Proof. The condition δ = 1 is equivalent to Sq 2 = 0 :
. We compare Sq 2 : H 5 (M ; Z 2 ) → H 7 (M ; Z 2 ) computed by two methods. On the one hand, Sq 2 (xy) = w 2 (M )xy (cf. [16] ), where a denotes the mod 2 reduction of a ∈ H * (M ). On the other hand, Sq 2 (xy) = Sq 2 (x)y + Sq 1 (x)Sq 1 (y) + xSq 2 (y) = x 2 y + xSq 2 (y). Therefore Sq 2 (y) = w 2 (M )y + xy, and the proposition follows.
• The discussion of φ 7 divides into two parts:
]+η3 e 5 ∪ β1 e 7 , and p : S 5 → CP 2 is the projection.
Proof. We use M ′ 0,0 to do the calculation, as M (5) ≃ (M ′ 0,0 ) (5) . Note that there is a canonical cell structure on M ′ 0,0 , using the standard cell structures of the base CP 2 and fiber S 3 . Consider the homotopy exact sequence of the pair (M ′ 0,0 , (M ′ 0,0 ) (5) ):
It actually splits into short exact sequences, as we can find a splitting map π i (M ′ 0,0 ) → π i ((M ′ 0,0 ) (5) ):
σ * +i * ∼ = because images of σ and i lie in (M ′ 0,0 ) (5) , which makes σ * + i * factor through π i ((M ′ 0,0 ) (5) ), where σ is a section of S(ξ ′ 0,0 ) and i is the inclusion of fiber. Then the lemma follows immediately.
To see the constraints on φ 7 , consider the S 1 -bundle over M with Euler class x: S 1 → N → M . It's easy to show that π 1 (N ) = 1 and H * (N ) ∼ = H * (S 3 × S 5 ). Therefore N ≃ S 3 ∪ e 5 ∪ e 8 . As π 4 (N ) ∼ = π 4 (M ) ∼ = π 4 (M ′ 0,0 ) ∼ = π 4 (CP 2 ) ⊕ π 4 (S 3 ) ∼ = Z 2 , we have N ≃ (S 3 ∨ S 5 ) ∪ e 8 . Therefore π 6 (M ) ∼ = π 6 (N ) ∼ = π 6 (S 3 ∨ S 5 ) ∼ = Z 12 ⊕ Z 2 . Also, π 6 (M ) ∼ = π 6 (M (5) )/(φ 7 ). Thus the coefficient of φ 7 on β 1 must be ±1, and we can always choose it to be +1. The proof is almost the same as the spin case, hence omitted.
Summarizing what we've got: We denote the right hand side of the above formula as X δ,k,ǫ and (CP 2 ∨ S 3 )∪ [ι2,ι3]+δη3 e 5 as X δ . It's easily seen that X δ,k,ǫ is a 1-connected 7-dimensional Poincaré complex with cohomology ring the same as CP 2 × S 3 , and vice versa.
, where E(X) denotes the group of self homotopy equivalences of X.
Proof. "⇒" Let g : X δ,k,ǫ → X δ,k ′ ,ǫ ′ be a homotopy equivalence. We may assume g is cellular. Let f be the restriction of g on the 5-skeleton. Then f ∈ E(X δ ), as f induces isomorphisms on H * (X δ ). Then the only if part follows by the diagram below:
where ∂ sends 1 to the attaching maps.
"⇐" The condition implies that f can be extended to g : X δ,k,ǫ → X δ,k ′ ,ǫ ′ . It is a homotopy equivalence, as it's easily checked that it induces an isomorphism between the cohomology rings. Proof. Consider the following map:
The spin case
Then f l,e ∈ E(X 1 ), as it induces isomorphism on H * (X 1 ). We analyze the effect of f l,e * on π 6 (X 1 ).
• We have f l,e β 1 :
It's easily seen that π 6 (X 1 ∨ S 5 ) ∼ = π 6 (X 1 ) ⊕ Z 2 {η 5 } ⊕ Z{[ι 2 , ι 5 ]}.
Proof. Suppose ψβ 1 = α + aη 5 + b[ι 2 , ι 5 ], where α ∈ π 6 (X 1 ). Then we have α = (id, 0)ψβ 1 = β 1 (0 denotes the constant map):
Similarly, aη 5 = (0, id)ψβ 1 = qβ 1 , where q : X 1 → S 5 is the map collapsing the 4-skeleton to a point. Therefore X 1,k,ǫ /X
1,k,ǫ ≃ S 5 ∪ aη5 e 7 . Similar arguments as in Lemma 4.1 shows that Sq 2 = 0 : H 5 (X 1,k,ǫ ; Z 2 ) → H 7 (X 1,k,ǫ ; Z 2 ), which implies that Sq 2 = 0 : H 5 (X 1,k,ǫ /X
1,k,ǫ ; Z 2 ). Thus aη 5 = 0. Now let X ′ = (X 1 ∨ S 5 ) ∪ ψβ1 e 7 . Then ψ can be extended to a map Ψ : X 1,0,0 → X ′ , which can be used to deduce the cup product structures of X ′ from X. We have H * (X ′ ) ∼ = Z[x, y, s]/(x 3 , y 2 , s 2 , xs − x 2 y, ys), and it forces b to be ±1. Therefore, To calculate [ι 2 , η 3 η 4 ], recall the following formula:
• It is clear that f l,e * a 3 = a 3 and f l,e * pη 5 = pη 5 , as CP 2 and S 3 are fixed by f l,e .
Summarizing, f l,e * (β 1 + ka 3 + ǫpη 5 ) = β 1 + (k + l)a 3 + (e + ǫ)pη 5 .
Combined with lemma 4.5, the if part follows. As Theorem 3.1 implies that there are at least 6 different X 1,k,ǫ up to homotopy equivalence, the only if part is also clear.
Then the classification theorem follows directly. Theorem 4.9. Let M be a closed, smooth, spin, 1-connected 7-manifold which has the same cohomology ring as CP 2 × S 3 . Then M is homotopy equivalent to some M ′ k,0 (notation as in section 3). Moreover, its homotopy type is uniquely determined by p 1 (M ) mod 24. Proof. We'll give a thorough analysis of E(X 0 ) and its action on π 6 (X 0 ).
The nonspin case
Firstly, we'll try to compute the homotopy set [X 0 , X 0 ] by Puppe's exact sequences:
We have
, mι 2 can be extended to some f m ∈ [CP 2 , X 0 ], for any m ∈ Z. Actually, we can choose f m to be the composition
We don't need to know whether they can be the same, and will just write [CP 2 , X 0 ] = {(f m ) cη3 |m ∈ Z, c = 0, 1}.
Hence ((f m ) cη3 , nι 3 ) can be extended to some g m,c,n ∈ [X 0 , X 0 ].
Therefore, [X 0 , X 0 ] = {(g m,c,n ) kp+eη3η4 |k, m, n ∈ Z, c, e = 0, 1}.
Note that for f ∈ [X 0 , X 0 ], f ∈ E(X 0 ) if and only if it induces an isomorphism on the homology groups. Therefore it is clear that E(X 0 ) = {(g m,c,n ) kp+eη3η4 |k ∈ Z, m, n = −1, 1, c, e = 0, 1}
Here the group structure is omitted.
Then we analyze the action of E(X 0 ) on π 6 (X 0 ) ∼ = Z{β 0 } ⊕ Z 12 {a 3 } ⊕ Z 2 {pη 5 }. It can be easily seen by definition that (g m,c,n ) kp+eη3η4 (a 3 ) = na 3 , (g m,c,n ) kp+eη3 η4 (pη 5 ) = pη 5 .
Therefore, the only tricky thing is to compute (g m,c,n ) kp+eη3η4 (β 0 ).
The strategy is to reduce the computation into more controllable spaces. Easy to see that the following diagram commutes up to homotopy:
Here the upper vertical maps are the quotient maps, the lower ones are the homotopy equivalence from X 0 /S 3 to CP 2 ∨ S 5 which fixes CP 2 , and the composition is called q 1 . Then passing to homotopy groups, we have the following commutative diagram:
Easy to see that
Claim. We have
where s = 0, 1 is undetermined.
Proof. We only prove q 1 * (β 0 ) = ±[ι 2 , ι 5 ] + spη 5 + η 5 . Others can be seen by definition. Suppose q 1 * (β 0 ) = r[ι 2 , ι 5 ] + spη 5 + tη 5 , then
Since q 1 * :
is an isomorphism except when i = 3, the cup product structures and Steenrod squares in CP 2 × S 3 /S 3 can be deduced from those in CP 2 × S 3 , which forces r = ±1 and t = 1.
Claim. We have m kp 0 mnι 5 * : π 6 (CP 2 ∨ S 5 ) → π 6 (CP 2 ∨ S 5 )
Proof. The computation is quite straightforward: Combine the two claims with ( * ), we have
Therefore, by the first claim,
where u is to be determined. Then we use another homotopic commutative diagram:
Again the upper vertical maps are the quotient maps, the lower ones are the homotopy equivalence from X 0 /S 2 to S 3 ∨ S 4 ∨ S 5 which fixes S 3 and restricts to CP 2 is the quotient map π : CP 2 → S 4 , and the composition is called q 2 . It induces the commutative diagram:
By Hilton's theorem [8] ,
where s, t = 0, 1 is undetermined.
Proof. q 2 * (a 3 ) = a 3 , as q 2 is fixed on S 3 . q 2 * (pη 5 ) = πpη 5 = 0, since πp = 0 which is indicated by S 4 ∪ πp D 6 ≃ CP 3 /S 2 ≃ S 4 ∨ S 6 . Now we suppose q 2 * (β 0 ) = r[ι 3 , ι 4 ] + sa 3 + tη 4 η 5 + wη 5 . Then
The cup product structure and Steenrod squares in CP 2 × S 3 /S 2 forces r = ±1 and w = 1. Then combining with the two claims and ( * * ), we have
Also, Therefore ua 3 = (tc + e)η 3 η 4 η 5 = 6(tc + e)a 3 , i.e. u = 6(tc + e). Then the result follows no matter t = 0 or 1.
Remark 1. We can only get a classification of Poincaré complexes. X 0,k,0 is homotopy equivalent to some S 3 -bundle over CP 2 , hence is smoothable. We guess that X 0,k,1 is not homotopy equivalent to any topological manifold.
Classification up to (PL-)homeomorphism and diffeomorphism
Theorem 5.1. Let M be a closed, smooth, spin, 1-connected 7-manifold which have the same cohomology ring as CP 2 × S 3 . Then M is (PL-)homeomorphic to some M ′ k,0 . Its (PL-)homeomorphism types is uniquely determined by p 1 (M ). Furthermore, there exists a homotopy 7-sphere Σ 7 , such that M is diffeomorphic to M ′ k,0 #Σ 7 . We use surgery theory to do the classification. The crucial part is the following lemma which is similar with [4, Lemma 5.3]:
Proof. The lemma contains two parts. One is [M ′ k,0 , G/ PL] ∼ = Z and the other is η([f m ]) = m. We prove them one by one.
It is known that [CP 2 , G/ PL] ∼ = Z (cf. [22] ). Let σ k : CP 2 → M ′ k,0 be a cross section. The first part follows if we can prove that σ * k : [M ′ k,0 , G/ PL] → [CP 2 , G/ PL] is an isomorphism.
It has been proved in [3] that G/P L is an infinite loop space. Suppose G/ PL ≃ Ω N X with N sufficiently large. Then
As shown in section 4, M ′ k,0 ≃ (CP 2 ∨ S 3 ) ∪ [ι2,ι3]+η3 e 5 ∪ e 7 . Therefore,
as the suspension of a Whitehead product is always 0 and π N +6 (Σ N CP 2 ) = 0 (cf. [17] ). Therefore we have the following commutative diagram:
Easy calculation shows that [Σ N +1 CP 2 ∪ e N +7 , X] = 0 (using Puppe exact sequence together with the fact π 2i+1 (G/ PL) = 0). Then it's clear that σ * k is an isomorphism. Note that if we denote the bundle projection of ξ ′ k,0 as π k , it follows that π * k : [CP 2 , G/ PL] → [M ′ k,0 , G/ PL] is also an isomorphism. Next we turn to the second part. Let W k = D(ξ ′ k,0 ). Then ∂W k = M ′ k,0 and let i k : M ′ k,0 → W k be the inclusion. W k can also be regarded as the mapping cylinder of π k : M ′ k,0 → CP 2 . Therefore, f m can be extended to a fiber homotopy equivalence of pairs:
We have the following commutative diagram:
. As we've already seen that i * k :
We use the following commutative diagram:
where ω k : CP 2 → W k is the zero-section, and j : G/ PL → B PL is the obvious map.
Claim. [CP 2 , B PL] ∼ = Z and j * is a multiplication by 24.
Proof. [CP 2 , B PL] ∼ = Z follows by the 6-connectedness of PL /O and the wellknown fact that [CP 2 , BO] ∼ = Z (1-1 correspondence by p 1 ). j * follows by the following exact ladder of Puppe sequences:
where the left vertical arrow can be easily calculated by the exact sequence of homotopy groups of the fibration G/ PL → B PL → BG.
Now we have
Therefore,
And η([F m ]) = m follows.
Proof of theorem 5.1. As already shown in theorem 4.9, M is homotopy equivalent to some M ′ k,0 . Then the first part of the theorem follows by Lemma 5.2, Theorem 3.1 and the injectivity of η.
For the second part, use the Puppe sequence 
Related topics: manifolds with positive Ricci curvatures
In this section we'll focus on the following: The proof relies on the surgery theorem of Wraith:
Theorem 6.1 ([24] ). Let T be a tree with one vertex a linear D n -bundle over an n-dimensional Ricci positive manifold and others linear D n -bundles over S n . Then the boundary of the plumbing manifold admits a metric with positive Ricci curvature.
Remark 3. In [24] , Wraith actually got the above theorem, although he only wrote the case that all vertices are D n -bundles over S n as a theorem.
To simplify our problem, we also need a useful lemma: Lemma 6.2 ([5]). Let W 1 , W 2 be two manifolds obtained by tree-like plumbing with D n -bundles over n-manifolds. Connect W 1 and W 2 by the following plumbing diagram to obtain W :
where O 1 , O 2 are trivial D n -bundles over S n , i.e. S n × D n , and each box contains a tree producing W i , A, B are arbitrary points in the trees. Then ∂W ∼ = ∂W 1 #∂W 2 .
Proof of theorem 1.2. Our strategy is to prove that M is the boundary of a tree-like plumbing of a D 4 -bundle over CP 2 and several D 4 -bundles over S 4 . By Lemma 6.2, we only need to prove it up to connecting sum with a homotopy 7-sphere. The case when H * (M ) ∼ = H * (CP 2 × S 3 ) is an immediate consequence of Theorem 5.1. For the case H * (M ) ∼ = H * (S 2 × S 5 ), we have Fact. There are 24 different M up to homeomorphism, and 24 × 28 up to diffeomorphism, where the 28 comes from connecting sum with 28 homotopy 7spheres.
The fact can be seen by observing that M ∼ = S 2 × D 5 ∪ f S 2 × D 5 with f ∈ Diff(S 2 × S 4 ) and applying results in [15] directly. It can also be found in a coming paper of Kreck and Su: On the mapping class group of certain 6-manifolds.
Therefore we only need to construct 24 nonhomeomorphic M . Notations as in section 3. Let W k,l,m = D(v * (ξ ′ m,0 )) D(ξ k,l ), where denotes plumbing. Then M k,l,m = ∂W k,l,m is a 1-connected spin 7-manifold with H * (M k,l,m ) ∼ = H * (S 2 × S 5 ). Easy calculation shows that the Kreck-Stolz invariants [12] of M k,l,m are 
